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Abstract : We consider the noncommutative extension of the BF theory 
in two spacetime dimensions. We show that the introduction of the non¬ 
commutative parameter already at hrst order in the analytical sector, 
induces inhnitely many terms in the quantum extension of the model. This 
clashes with the commonly accepted rules of QFT, and we believe that this 
problem is not peculiar to this particular model, but it might concern the 
noncommutative extension of any ordinary quantum held theory obtained 
via the Moyal prescription. A detailed study of noncommutative anomalies 
is also presented. 
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1 Introduction 


The literature on noncommutative field theory models has rapidly grown to 
a considerable size, and yet there is no clear cut recipe of how one should 
proceed to analyze such models in particular for what concerns their renor- 
malizability. One of the main issues which arise, is whether the noncom¬ 
mutative model, with as the noncommutative parameter, has a smooth 
(analytical) 6 *^ 1 / —> 0 limit or not. In the first case we have a corresponding 
standard, commutative model, which can be treated with the well established 
machinery of local quantum field theory, and it is tempting to apply it also 
to the noncommutative model piaEiiii- In the second case, the model we 
are looking at is intrinsically noncommutative, and we loose both analyticity 
in and locality UU- 

However, we would like to emphasize that in any approach the theory should 
be defined by the functional equations which encode its symmetry content 
and all the additional information needed to analyze both the stability and 
the anomaly issues. Of course those tools are normally applied in an envi¬ 
ronment where locality, power counting and the Quantum Action Principle 
m 013 cni CD also hold true; we might call it a traditional reference frame. 
In the study of the noncommutative extensions of a standard quantum field 
theory model, is a matter of personal choice how much we should adhere to 
this traditional reference frame. 

In this paper we would like to probe where we are led to by analyzing the 
analytical sector of the two dimensional BF model nainunj, using the 
entire machinery of the traditional reference frame ^ 3 - idea is that 

the study of noncommutative models beginning from a commutative one, 
looking only at the sector analytical in the 9^'^ tensor, is of interest since it 
can provide hints to new and unexpected features of the noncommutative 
theory. Here we provide an example of problems which arise in carrying out 
the process of an analytical expansion. In other words, we limit ourselves 
to the sector of the theory in which the UV properties are controlled by the 
planar diagrams nmni Our aim is to show that this sector, in which the 
Quantum Action Principle should reign, does not admit a consistent quantum 
extension. 

When attempting to define a noncommutative quantum field theory HZI and 
wishing also to arrive at a formulation which allows explicit amplitude com¬ 
putation, one is faced with the problem of choosing a precise form for the non 
commutative product. One of the most popular choices is the Groenewold- 
Moyal product [13113 which is implemented with a simple exponential for¬ 
mula and needs the introduction of an antisymmetric constant tensor 
having the dimensions of an inverse mass squared. It is commonly accepted 
that this procedure leads to a well defined noncommutative theory if the 
commutative model we begin with is sound. We shall show that this is not 
always the case by providing a counterexample. 
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A reliable noncommutative extension of an ordinary model should be based 
on the functional identities encoding the symmetries, on locality and power 
counting, just as it happens in the commutative case. This procedure, in 
the standard case, leads to the stability and anomaly analysis i.e. the model 
is perturbatively renormalizable if the classical action is the most general 
local functional compatible with the above constraints (stability) and the 
symmetries are not broken by the radiative corrections (anomaly) j15| . 

The paper is organized as follows. To £x the notations, in Section 2 we 
briefly recall the functional equations (BRS identity, Landau gauge, ghost 
equation and vector supersymmetry) which form a closed algebraic struc¬ 
ture and completely dehne, together with locality and power counting, the 
commutative model ^1]. In Section 3 we deform the classical theory by 
means of the anticommuting constant parameter introduced by means 
of the substitution of the ordinary product with the Groenewold-Moyal star 
product. In ra we have showed that the dehning equations remain exactly 
the same we have in the commutative case. Of course this is not so for the 
classical action which acquires, at the hrst order in 9^'^, a local contribution 
with canonical dimension equal to four and coupled to 9'^'^ itself. In Section 
4 we are led to consider the stability problem of the classical action to hrst 
order in 9^'^, i.e. we completely characterize the counterterm, and conclude 
that it contains a countable inhnity of terms linked to two classes of coupling 
constants. Finally, in Section 5, we also analyzed the anomaly problem and 
found that, at least to hrst order in 0^*^, the model is anomaly free. We draw 
our conclusions in the hnal Section 6. 


2 The commutative model 


The action of ordinary, commutative, BF model in two spacetime dimensions 

is |T^IT!niT^ 

= -^Tr J dPx =~j cfx (2-1) 

where is the two-dimensional completely antisymmetric Levi-Civita ten¬ 
sor, Ffj_iy = = d^Ai, — — i[A^,Ai] is the held strength, and 

A^[x) = A“(x)T“ and 0(x) = 0“(a:)T“ are the gauge held and a scalar 
held respectively, belonging to the adjoint representation of the gauge group, 
assumed to be t/(n), whose generators (a = 1 ,..., n^) obey 


Tr (r“T^) = 5 


ab 


rparpb 


1 1 

"abcrric I jabc 


= -r^r + -d 
2 2 


rjnc 


( 2 . 2 ) 

(2.3) 


jabc ^abc pgjj^g ^he antisymmetric and symmetric Gell-Mann tensors, 
respectively. We will comment on this choice of the gauge group later. 
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The action (ED) is invariant under the following infinitesimal gauge trans¬ 
formations, with A(x) = A“(a;)T“ as infinitesimal gauge parameter 

= D^A = a^A-f[A^,A] (2.4) 

5g(j) = -i[0,A] (2.5) 

As usual, the quantization of the model proceeds with the introduction of a 
set of quantum fields (c“(x), c“(a;), fo“(x)), playing the role of ghost, antighost 
and Lagrange multiplier fields, respectively, by means of which the gauge 
fixing term reads, in the Landau gauge, 

Sgf = I (fx - ed^{D^cY) (2.6) 

The transformations (I231)-(IZ3) are no more a symmetry of the gauge fixed 
action S = Sinv[A] -|- Sgf[A, c, c, 6], which is indeed invariant under the BRS 
transformations 


SAg = 

DgC 

S(f) = 


sc = 

i(? 

sc = 

b 

sb = 

0 


(2.7) 


The BRS operator s is characterized by the two fundamental properties of 
being nilpotent 

= 0 ( 2 . 8 ) 

and of being a symmetry of the theory 

sR = 0 (2.9) 

The latter point is most easily verified once it is noticed that the gauge fixing 
term Sgf can be written as a BRS cocycle 

Sgf = sj (fx ( 2 . 10 ) 

Since the BRS transformations (EID are nonlinear, external fields A*“^(x), 
0*“(x) and c*“(x) must be coupled to the nonlinear BRS variations through 

Rext = / d'^x [A*^^{sAI) + 0*“(s0“) -f c*“(sc“)) (2.11) 

in order to be able to write for the total classical action 

s = Sinv + Sgf -t- Sext (2.12) 
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a Slavnov-Taylor identity 


5(S) = Tr / d^x 


' SE 5E dE 6E 6E6E JE\ _ ^ 

SA*>^ SAfj, 6(j)* S(j) Sc* Sc^ Sc J 


( 2 . 13 ) 


The action S is topological, since it does not depend on the spacetime metric 
In other words, only the gange hxing term of the action contribntes to 
the energy-momentnm tensor, which therefore is an exact BRS cocycle 

T — -= sA. 

~ Sg^^'^ 

for some integrated local fnnctional which can be easily calculated from 
the expression of the classical action S. Now, as it has been remarked for 
the hrst time in HQ. the highly non trivial observation that both and 
are conserved, underlies the existence of an additional symmetry of the 
action. Indeed, the conservation relation 


( 2 . 14 ) 


d’'A = contact terms (2-15) 

once integrated, directly represents the Ward identity for the vector symme¬ 
try 


S^Ay — 0 

5^,4) = e^yd'^c 

S^c = A^ (2.16) 

S^c = 0 

= d^c 

The existence of such a linear, vector symmetry is peculiar to topological 
held theories, and it is called vector supersymmetry due to the following 
algebra, formed by the operators s and S^ 

s^ = 0 

{S^,Sy} = 0 (2.17) 

+ eqs of motion 

which, closing on shell on the spacetime translations, describe a superalge¬ 
bra of the Wess-Zumino type. Once the source term (ETTD is introduced, the 
algebra (ET7I) closes off shell, and the Ward identity for the vector super- 
symmetry becomes 

W^E = (2.18) 

where 



( 2 . 19 ) 
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and is a breaking linear in the quantum fields, and therefore purely classic 


= Tr J (fx - 0*9^0 + + e^^4)*d''c) 


( 2 . 20 ) 


In addition, as for any other - commutative - gauge field, the choice of the 
Landau gauge guarantees the existence of an additional constraint on the 
classical action S: the “ghost” equation [221 

where A“ is again a classical breaking 

A“ = y (fx [A*^>^AI + - c*^c") . (2.22) 


The following constraints 


1. the Slavnov-Taylor identity (EH; 

2. the supersymmetry (EH; 

3. the ghost equation 

4. the Landau gauge condition 


56 “ 


0 ^“ 


(2.23) 


fully characterize the theory, both at the classical and at the quantum level. 
As showed in dl, the classical action E is the most general one com¬ 

patible with the whole set of constraints, which in turn are free of anomalies. 

In other words, the ordinary, commutative BF theory in two spacetime di¬ 
mensions is renormalizable to all orders of perturbation theory. More than 
this, we know that this theory, like any other topological quantum field the¬ 
ory, is finite, namely no radiative corrections are allowed by the symmetries 
characterizing the classical theory. 


3 The noncommutative model 

The usual and generally accepted behavior to proceed towards the noncom¬ 
mutative extension of any commutative field theory, is simply to substitute 
the ordinary product between fields with the Moyal “star” product [HI EH] 

(j){x)'ilj{x) —0(x) * tI;{x) = lim exp{l-6^’^(j){x)i/j{y) , (3.1) 

y ^ 
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where is a rank-two antisymmetric matrix which controls the noncom- 
mutative natnre of spacetime coordinates 




(3.2) 


The choice of U{n) as gange gronp is motivated by the reqnest of hav¬ 
ing gange-valued noncommntative helds, which would not be the case for 
a generic else non abelian gauge group, for (I2I31) acquires an additional term 



(3.3) 


As a consequence of the absence of the central term the gauge group 

U{n) is closed under the star product, while, for instance, SU{n) does not 
give rise to any gauge group on the noncommntative plane. 

In two spacetime dimensions, the commutator (HI is Lorentz invariant. This 
implies that 9^’^ is proportional to the Levi-Civita tensor 



(3.4) 


where 9“^ is the dimensional parameter induced by the commutation relation 
dH. The property dH is tightly related to the two dimensional spacetime. 


We will not bother the reader with the motivations for such a generalization 
of ordinary spacetime, and of its consequences on held theory, for which an 
excellent literature exists [muni. 

In this paper, we simply investigate the consequences of the introduction in 
the theory of 9^^'^ as a new ingredient in an otherwise ordinary gauge held 
theory. Under this respect, 9^'^ is no more than an antisymmetric constant 
parameter with negative (minus two) mass dimensions, coupling to helds to 
form monomials. In particular, in the example of two dimensional BF theory 
we ask if the deformation induced by the presence of the noncommntative 
parameter 9^'’' is compatible with the basic features of quantum held theory, 
namely 

• stability of the classical action 

• absence of anomalies 

The held strength becomes 


F^,y{9) = - ig{A^ * A^- A^* A^) 

= d^A^ - duA^ - ig[A^, 


(3.5) 


and, at the hrst order in 9 


f ; u { 0 ) = + i<i‘‘‘'«“'’(a„4)(Sj/ij) 


(3.6) 
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Analogously, the covariant derivative, at the hrst order in 9, reads 


{D,Ane) = (D^A)“(0) + (3.7) 

The invariant, gauge-hxed, 0-dependent action is 

= Tr J (fx (^-^€'^''F^,i9)*(l) + s^^\WA)^ (3.8) 

= 5 J (fx (-^e">“(a„A^)(a^A^) -t- (a,c“)(a„Aj.)(a^c‘=)) 

+0(02) 

where S is the gauge-hxed commutative invariant action, and is the 
noncommutative BRS operator, which, at hrst order in 0, is 

= 50 “ + ^d“^"0“^(a„0^)(a;3C") 
s(^)c“ = sc“-^rt“^(a„c^)(a^c") (3.9) 

g{e)^a ^ ^-a 

gie)ba = gb^ 


It is highly nontrivial that the two basic features of the BRS operator (EHD 
and (EH) are conserved when the ordinary product is deformed, via the 
introduction of the 0 parameter, into the Moyal one: 

(s(^))2 = 0 (3.11) 

It is far less obvious that the deformation of the ordinary product into the 

Moyal one is the only way which allows the introduction of the 0 parameter 
in a way which leads to an action symmetric under a nilpotent operator. 

It can be verihed that the action EH keeps the symmetries of its com¬ 
mutative counterpart S, namely it is invariant under the supersymmetry 6^ 
( 1 ^ 

= 0 , (3.12) 

and satishes the ghost equation ^rm as well 

= 0 . (3.13) 

It is not surprising that the above two symmetries remains unaltered al¬ 
though the action is non trivially modihed by the introduction of 0^^. As 
already pointed out, the symmetry 6^ is related to the topological character 
of the theory, which is not dismantled by 9^'^ which, in two dimensions, is 
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proportional to the Lorentz invariant Levi-Civita tensor On the other 
hand, the identity (IXTD is well understood once we notice that in the Moyal 
product m the ghost field c“(x) appears in the 0-dependent part of the 
action only differentiated, hence unaffected by the operator Q°‘. 

The superalgebra (ITT7I) survives in the noncommutative case 

= 0 


= 0 

{5^, = dfj^ + eqs of motion 

(3.14) 

More in detail, the last of (Id. 141) reads 


U = d + € 

(3.15) 

aqW 

(3.16) 


(3.17) 


(3.18) 

= d,b^ 

(3.19) 

Since the BRS operator is modified from s to the source 

action is accordingly deformed, at the first order in 0, into 

term in the 

Sfl = + j (fx [A*^^{d^Al){d0C^) 

(3.20) 



Summarizing, the noncommutative, two dimensional classical BF action 

yi{0) q{d) 1 q{d) . q{9) 

^ — ‘^inv “T “T '^ext 

(3.21) 

although non trivially modified by the introduction of the noncommutative 
parameter 0^*^, is characterized by the same set of symmetries displaying the 
same algebra as its commutative counterpart, namely the Slavnov-Taylor 

identity 

= 0 , 

(3.22) 

the supersymmetry Ward identity 


, 

(3.23) 

the ghost equation 

ga^^ie) ^ ^ 

(3.24) 


and the Landau gauge condition 








We stress again the non triviality of the existence of some of the above 
symmetries for the 6'-modi£ed action. Particnlarly remarkable is the existence 
of a noncommntative, nilpotent, BRS symmetry = 0 and of the 

snpersymmetry = 0. 

4 Stability 

A necessary condition for the renormalizability of a qnantnm held theory 
is the stability of the classical action nnder radiative corrections. In gen¬ 
eral, stability is achieved if, after pertnrbing the classical action S with an 
inhnitesimal fnnctional with the same qnantnm nnmbers as S 

S —^ E + (4.1) 

and after imposing that the pertnrbed action satisfies the same set of con¬ 
straints on S, the ontcome is that the pertnrbation can be reabsorbed 
in S throngh a redehnition of the fields and parameters of the theory. In 
particnlar, no new fnnctional monomials, with respect to the classical action 
S, shonld survive this process. Otherwise, the theory would not be stable, 
and no renormalizations could be invoked in order to reabsorb radiative cor¬ 
rections. The theory would lose its predictive power and hence would not be 
renormalizable. 

The renormalizability of the commutative, two-dimensional BF model has 
been proven in ^3]. The supersymmetry 5^ is crucial for the stability of the 
theory, for it prevents that the coefficients of each monomial appearing in 
the action depend on inhnite polynomials in the scalar held 0“(x) : 

.. .0“" (4.2) 

where are completely symmetric invariant tensors. Monomials like 

(03) are gauge invariant, and do not ahect power counting prescriptions, 
since the scalar held 0“(x) is dimensionless in two spacetime dimensions. 
Nonetheless, those inhnite set of held dependent coefficients are not present 
in the classical action S, which would therefore be unstable and non renor- 
malizable if the supersymmetry would not occur. Indeed, the terms (03 
are not invariant under the action of the operator 5^: 

h^^(0) = n e,, (a"c“i) r^... r- (4.3) 

and hence are forbidden. On the other hand, polynomials in color singlet 
built with the held strength F“^(x), like for instance 

J ; J cPx (F^^F'^F^F'^ ;... (4.4) 

where F°'{x) = £^'^F“j,(x), are invariant both under BRS and 6^ symme¬ 
tries, but violate power counting (notice that, in two dimensions = 

2 
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The introduction of 6^'^ drastically changes this scenario. The general form 
of the perturbation in (ED now takes the form 


where 

^ ^ (4.6) 

and S^i,, S and do not depend on the Levi-Civita tensor and 

have canonical dimensions 4 and Faddeev-Popov charge 0. Now, due to the 
fact that, in two dimensions, 9^''' is proportional to (jUD, the counterterm 
finally reads 

with Xpi, and X not depending on e^'-'. 

The perturbed action must satisfy the same constraints as This implies, 
at the first order in the perturbation parameter e: 


Sb^ 

= 0 

(4.8) 

gaj2{c,d) 

= 0 

(4.9) 

WpSh’®) 

= 0 

(4.10) 


= 0 ‘ 

(4.11) 


where i3s(0)is the linearized Slavnov-Taylor operator 


B^(e) 



jA^JTp ^ 6Ap 6A*t^ ^ 6(j)* 6^ ^ 
6 6 6 \ 

Sc* Sc Sc Sc* Sc) 


SE^^^ s 

S(j) S(P*^ 

(4.12) 


The algebra formed by the supersymmetry Ward operators IT^ flTT^ and 
the Slavnov-Taylor operator 5^(0) (HU) is 


{Wp,W,} 
{By,(s) , bF/i} 


0 

0 

E 

all fields 4> 


(fx 

6^ 


(4.13) 

(4.14) 

(4.15) 


The first two conditions (USD and (jlSD are satisfied by a functional which 
does not depend on the Lagrange multiplier b°‘{x) and depends on the un¬ 
differentiated ghost field c°'{x) at most once^. Moreover, as a consequence 
of the gauge condition (IT^ and of the Slavnov-taylor identity (jSI22D, the 

^To take into account, for instance, terms like J cPx e^'^d°‘^'^c°'dpc’^d^c‘^, which satisfies, 
indeed, the ghost equation (lOI) . 
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action like any other gauge theory, automatically satishes an additional 
symmetry, called the antighost equation 




= 0 


(4.16) 


which is satished if the helds and c“ appear in the action only through 
the combination 

(4.17) 

Concerning the supersymmetry condition dnn, its most general solution is 


E'”-'* = WAVE'S'"', 


(4.18) 


where is a kind of “prepotential”, in close analogy to what 

happens in = 2 Super Yang-Mills theory j2dj . 

In order to show this, we develop Lorentz indices: Eq. (I4.18|l reads 


eM) = 2 


where 


lYi 

W 2 


(fx 


6(p°‘ 


+ 


la l^^a 




6Af‘ 


= (fx { -Yf 


+ A?;- -c* 


6Af 5c<^ hAf 


(4.19) 

(4.20) 

(4.21) 


Therefore, the corresponding adjoint operators read 


_ / ^2^ ( _ \- A'^ " I «a " /l*a 


Wl = j d^x 1^0“ 
ITJ = [ d^x -c 


SAT 


^ a ^ 7^a ^ 

-h c''— -— 

Sc*‘ 


-A1- 


+ c“ 


SAf 
S 


-dir 

a ^ 


SAT 

The algebra (imi) reads 

11/2 = iy2 _ 0 ; {lYi, IT 2 } = 0 

and 


{WlY = {WlY = Q ; {Wi,W^} = {W2,Wl} = 0 

iw!,w,} = iwlw2}^ z = 

all helds <h 


(4.22) 

(4.23) 

(4.24) 

(4.25) 

(4.26) 


The operator A/” counts the number ?7,$ of helds $ appearing in a generic 
functional r’(<h) 


A7J^($) = ^ J^(<h) = N J^(4)) 

all helds $ 


(4.27) 
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We stress that Wi and W 2 , like their adjoints, are nilpotent operators with 
vanishing local cohomology, since all helds appear as BRS doublets IE|. 

Now, we are interested in the most general local integrated functional X 
satisfying 

= W 2 Xl;j = 0 (4.28) 

where p and q are mass dimension and ghost number of the functional X^^^, 
respectively. Our aim is to show that any solution of Eq (OHll can be written 
as follows 

xl;l = (4.29) 

Notice indeed that, from the expression (EH, the operators raise by one 
unit the mass dimension and lower by one unit the Faddeev-Popov charge. 

Let us prove the result (jlH- 
From (lOKli we have that 

(4.30) 


where X, 


(p-i) 

(<?+!) 


and X, 


(p-i) 

(9+1) 


are generic functionals. Hence it holds 


ivlmx'l;-;) = w!w,xl;-;; 

(4.31) 

Therefore, using- (14.2611 and (14.2711. 



(4.32) 

From (14.2711. we can write 


47 ;,’ = ^ 

(4.33) 

We then conclude that 


4) = w'wK) = M'W'Wdr+l' 

(4.34) 


(where fyg+ 2 )^ = ~^^ 2 ^(g+i))y which is the desired result ()4.29|1 , or (14.1911 . 
Let us summarize our knowledge on the prepotential appearing in (14.1811 : 


• It is a local integrated functional, with canonical dimension and 
Faddeev-Popov charge -|-2; 

• It may depend on the quantum helds 0“(x), (?^c“(x), and at 

most once on the undifferentiated ghost held c“(x); 

• It may depend on the external sources A*“(x), c*“(x). and 0*“(x) 
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Making explicit the dependence on the Levi-Civita tensor 
(mzD, the most general candidate for is 


as we did in 




(4.35) 

with 



X = J d^x c“ (0) + 


(4.36) 

X,, = Jd^xc^{d,c^R:\4>,A)-d,c^R;\4>,A)) 

(4.37) 

where Rf’{(j)), R'^^{(f),A) and R'J^{(p,A) are generic fnnctions. 


Since, dne to (j4.8ll. and X are independent from the Lagrange mnltiplier 

b^-ix). recallina; (12.211). the diost eonation condition (14.91) reads 

= / d^x -^X = 0 

J bc^ 


(4.38) 

= J d^x J^x^, = 0 


(4.39) 

which give, respectively 



J d^x d^c\-d,Rf{cP) + A)) 

= 0 

(4.40) 

j cPx c>'{-d^Ri’(4>, A) + d,Rf(4>, A)) 

= 0 

(4.41) 

which are satished if 



RtM^A)) = d,Rl\4>) 


(4.42) 



(4.43) 

where again R°'^{(p) is a generic function. Notice that no dependence on the 
gauge field M“(x) is allowed in the prepotential reminding again N = 2 

Super Yang-Mills theory [22] • Hence, we have 

X = J d^x i?f (0) 


(4.44) 

x^, = J d^x a^c“a,c' R^\cf>) 


(4.45) 

where Rf’{(j)) and (which we rename R 2 ^{(f))) are generic functions of 

the scalar field 0“(a:), and R^{4>) = — R'^{(t)) = i? 2 “( 0 )- 

Therefore, our candidate for the 0{6) counterterm is 



J d^x ^ (e^^^dPd^dpC^ (0) + Rt{(p)) 

(4.46) 
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On integrated local fnnctionals / cPx -F($), the algebraic relation (14.151) reads 
I (fx F(<h) =V^j d^x F(<h) = J d^x = 0 (4.47) 

and the Slavnov-Taylor constraint ()4.11ll becomes ^ 

= 0 (4.48) 


Therefore, it must be 

s J d^x (e^'^dPc^dpC^ i?f (0) + (0)) = 0 (4.49) 

and it is easily seen that this constraint is satisfied if 

si?f(0) = (4.50) 

si?f(0) = -P'^^c^Rf{(i))-f^^c^Rl^{(t)) (4.51) 

Locality imposes that Rf’{(j)) and i? 2 ^( 0 ) are not really generic functions, 
but polynomials in 0“(a;). Taking into account the symmetries in the color 
indices a and 6 , we can write 


RficP) 




oo 

^fabc^c ^ ^ 

n=l 


Y ^ 2 ) 

n=l 


oo 

+ 0 ( 02 ) = ^ 
n =0 


= 


{ab)Pn 




n=0 


(4.53) 


where a,f3 and 7 are constants, and we adopted the short-hand notation 
Pn = {pi.. .pn)- More in general, rigid gauge invariance requires that 
are constant invariant tensors na, built from the Kronecker the gauge 
group structure constants and the completely symmetric rank three ten¬ 
sor Therefore, conditions (H3nil and (g3TD are automatically satisfied, 
and the most general counterterm, satisfying all the constraints (gsi) - (mm), 
is 


/ I / 00 00 \ 

^ \n=l n=0 / 

(4.54) 


_ ^(c7) ^(c,9) 


^The prepotential does not depend on the external sources, and the action of 
the linearized Slavnov-Taylor operator (imil on the quantum fields coincides with that 
of the BRS operator s, since BY,m^ = ^ 7 - = sd*, where 4> is a generic quantum field 
4> = {A,c,(l)). 


15 










with 


Y^cfi) ^ Y, I d^x T| 


a 6 ](ai..an) 


n=l' 






+ 4nc“^cJ;c*“i0“= 

+e^'^n{n - ly^Pc^A*^^A^] 0“h.0“" 


(4.55) 


<c,e) _ 




(ab)(ai..an) 


n=0 ' 




f> ^“1 ^“2 


-ayl“MV“V“" - 2ne^‘^df,Alc’^''Al^^^^^ + 2ne^^cldA'^A*^^(t)^^ 
+n£'^^c“c|)c*“i0“^ + n{n - 0“h.0“" (4.56) 


where c“ = c?^c“. We stress that the counterterm (H3ill does not belong to 
the integrated cohomology of the Slavnov-Taylor operator i?s(e), since it can 
be written as an exact BRS cocycle: 


= B^mZ 


(4.57) 


with 


« -I / CX) oo \ 

z = I d^x — [Y ^ (4.58) 


\n=l 


n=0 


The counterterm represents the quantum corrections of the classical 

action ()3.21|) . whose ^-dependent part is 




0(9) 


/i-“'‘(a„4)(a^c')+ i.“(9o/)(a4c') - lc-“(a„c‘)(a 3 a)) ( 4 . 59 ) 


The theory is stable under radiative corrections if the most general coun¬ 
terterm can be reabsorbed by a redefinition of fields and parameters of the 
classical theory. In the commutative case, the two dimensional BF model is 
hnite, namely no local counterterm is compatible with the constraints dlSl) - 
(imi) and there is nothing to be reabsorbed, or, in other words, no renormal¬ 
izations of fields or parameters are present. On the contrary, it is apparent 
from the direct comparison of the two terms (1133) and (14.561) forming the 
counterterm and the 0-dependent part of the classical action (1133, that 
such reabsorption is, in the noncommutative case, impossible. The theory is 
highly unstable, and radiative corrections are out of control. 

In order that the theory is renormalizable, it is not difficult to see that 
the counterterm, instead of consisting in a double inhnity of terms, should 
collapse into one term only 

^ Q ('4_gQ) 
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and 


(4.61) 


rp{ab)ai..a„ j 0 Vn ^ 1 

2 I l^afeai if = X 

This counterterm might be reabsorbed by a renormalization of the 9 parame¬ 
ter. But this is not the case, and the theory, due to the infinite terms present 
in the radiative corrections, has no predictive power. Even before asking the 
question of the presence of noncommutative anomalies (the commutative case 
is of course anomaly-free ^ 1 ]), we must conclude that the noncommutative 
theory, taken just as a quantum held theory, is highly non renormalizable. 
We believe that this illness is not peculiar of the two dimensional BF model, 
but it is due to the simple recipe of constructing noncommutative theories 
from their commutative counterpart just substituting the ordinary product 
between helds with the groenewold-Moyal one. 


5 Anomaly 


As it is well known, anomalies are quantum breakings of symmetries. Let T 
be the functional generator of IPI Green functions, or, equivalently, quantum 
vertex, quantum or effective action. It holds 



T = + 0{h) 

(5.1) 

where is the classical action 1)5.211). The constraints ()5.25jl. ()5.24j). ()5.25j) 

and (14.161). beine linear, are easilv shown to hold also at the Quantum level: 

1 . gauge condition 

5h°-{x) 

(5.2) 

2 . antighost equation 

y5A*“(a:) ' 6d^c^{x) J 

(6.3) 

3. ghost equation 

gap ^ 

(6.4) 

4. supersymmetry 

W^T = 

(6.6) 


The only symmetry whose quantum extension should be handled with care 
is the (nonlinear) Slavnov-Taylor identity ()d. 22 |l . which a priori is broken 

5(r) = A (5.6) 


17 








by a quantum breaking A which, according to the Quantum Action Principle 
IZlElElIinilll], at the lowest nonvanishing order in h, is a local integrated 
functional with canonical dimensions 2 and Faddeev-Popov charge +1 



Ajjj + 0(hA[Jj) = J (fx A[5j(x) + O(hAjJj) 

(5.7) 

The web of algebraic relations results in the following consistency con¬ 

ditions on A|gj: 

dA® 

/ \ = 0 ; (5-8) 

6b'^{x) ^ ^ 


( ^ 1 ^ 

\6A^{x) 5dfj,c°‘{x) J ’ 

(6.9) 


= 0; 

(5.10) 


W'.Ag = 0 i 

(5.11) 



(5.12) 


The last constraint ()5.12|) is the cohomology problem commonly known as 
Wess-Zumino consistency condition pg. The constraints ()5.8|) -()5.12|) are 
basically the same that we have already imposed on the counterterm 
with the difference that the functional belongs to the Faddeev-Popov 
sector with charge +1 instead of zero. 

We already know from the previous section that the solution of the hrst 
four constraints is a functional which does not depend on the Lagrange 
multiplier b°'{x), depends on the antighost held c“(a:) and on the external 
source A*“(x) only through the combination A*°’(x) (Smi), it may depend on 
the undifferentiated ghost held c“(x) at most once and it can be written as 

Ag = IT^VF.Agj^^ , (5.13) 

where is a local integrated functional with dimensions zero and 

Faddeev-Popov charge -|-3. The only possible 6'-independent term is is 

Agj^'^ = (5.14) 

with polynomial in 0“(a:) and antisymmetric in the color indices 

abc. But this only commutative candidate for the anomaly is ruled out by 
the ghost equation (jEHIl), and, as we already knew the commutative 
theory is anomaly free. 

Let us see if the situation is diherent at the order 6. Recalling that 9'^'^ oc 
we must look for anomalies whose structure is 

Aj^{ = W,wA + ^ap) ■ (5-15) 
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The only possibilities for functionals depending on the undifferentiated ghost 


field c“(x) at most once, are 

= J (fx c'^d^c’^dpC^ (5.16) 

= J (fx , (5.17) 

with R'i^‘^\(l)) and R 2 ^’^^\(j)) polynomials in ^“(x). 

The ghost equation (I5.1()|l is satisfied if 

Rf^\(j)) = 0 (5.18) 

Rf^\(j)) = a(f^^ , (5.19) 

where a is a constant. Hence the only candidate for the 0{6) anomaly is 

a5 ?] = WpW, J cFx , (5.20) 


( 2^ 

but A^gj is not BRS invariant, hence does not satisfy the Wess-Zumino con¬ 
sistency condition dSH- We conclude that, at least at the first order in 
6, non commutativity does not introduce anomalies, but nevertheless the 
noncommutative theory is still not renormalizable. 


6 Conclusions 

In this paper we considered the noncommutative deformation of the two di¬ 
mensional BF model, which, taken as an ordinary commutative theory, is 
topological, and it shares with all other commutative, topological field theo¬ 
ries the property of finiteness. This means that the topological, commutative 
BF model has a particularly simple quantum extension, since, as it has been 
shown in ^ 3 ], no local counterterm turns out to be compatible with the sym¬ 
metries characterizing the classical theory. In the noncommutative extension 
of quantum field theories, a new parameter comes into play, 6^,^, which has 
mass dimension minus two. The easy recipe to treat a field theory living 
in the noncommutative plane is that of describing it through an ordinary, 
commutative field theory, where the product between quantum fields is sub¬ 
stituted by the groenewold-Moyal star product dH. This is the so called 
“Moyal prescription” naiin]. Now, as it is widely known, the product be¬ 
tween quantum fields is one of the delicacies of quantum field theory, since 
distributions at coinciding points are not well defined. The Moyal prescrip¬ 
tion just modifies the product between quantum fields, and we believe that 
serious attention should be paid to such an operation. We showed, in the sim¬ 
ple example of this finite two dimensional theory, that the Moyal prescription 
leads to a meaningless quantum field theory, and we believe that the situa¬ 
tion could be even worse in more complicated quantum field theories, living 
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in higher dimensional spacetime. We do not conclude that in general the 
noncommutative theories do not make sense. Our milder claim is that one 
should be careful in applying to them the usual rules of quantum field theo¬ 
ries, in the sense that we are going to explain. The main feature of a quantum 
field theory is locality. Locality requires that the action of a quantum field 
theory is an integrated local functional, moreover, such quantum functional 
(namely the classical action and its quantum radiative corrections) must be 
analytical in all parameters (masses, coupling constants, ...) appearing in 
the theory. We limited ourselves just to the analytical sector in 9, aware of 
the fact that the analytical sector does not include the whole noncommu¬ 
tative theory. Non commutativity indeed may open a non analytical sector 
in which the ordinary rules of quantum fields theory do not apply. Never¬ 
theless, the analytical sector, in which a ^-expansion is allowed, does exist, 
and it is precisely this which we considered, limiting even more ourselves to 
the first order in 9^^^. On non-analiticity introduced by the noncommutative 
deformation of quantum field theories, see for instance [iniE]. 

Summarizing, our playground is quite restricted: it is the noncommutative 
theory taken in its quantum field theoretical sector, which must be local and 
analytical in all its parameters, including 9^^,, and we looked to the first order 
in its 0-expansion. But, even within this fence, we found that the quantum 
corrections are represented by a double infinity of terms, (033), which can¬ 
not be reabsorbed, as they should for a renormalizable quantum field theory, 
by a redefinition of fields and parameters of the theory. Therefore, the model 
is not renormalizable in the sense that it looses any predictive power. This 
occurrence should be interpreted, in our opinion, as a signal that there must 
be some novel feature in the noncommutative model in order to make it sen¬ 
sible. For instance, the two families of couplings could be a Taylor expansion 
of some functions; but this needs a precise relation between the coupling 
constants, relation which is not enforced by the known symmetries. Is there 
some new symmetry brought about by noncommutativity? 

At this point, it is useless to go to higher orders in the 0-expansion, since 
we can already conclude that the noncommutative theory does not exist as a 
quantum field theory. It is just something else. We believe that the situation 
might be more dramatic in higher dimensions, where the Landau gauge is not 
a compulsory choice, as it is in two and three dimensions, where the gauge 
parameter is massive, and gauge choices else than the Landau one lead to 
severe infrared problems. The Landau gauge theory is characterized by the 
ghost equation condition (031), which represents a very strong constraint on 
radiative corrections [221 • double infinities of instabilities would 

be much more without the protection of this constraint. On the other hand, 
at first order in 0^j,, we did not find any noncommutative anomaly. This 
reinforces the impression that the instability problem could be overcome by 
adding some constraints which are peculiar of the noncommutative model. 

We are very curious to investigate whether a 0-dependent anomaly might 
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occur at higher orders and/or in different theories, like for instance four di¬ 
mensional Yang-Mills theory, where we expect that, besides the obvious non- 
commutative extension of the Adler-Bardeen-Jackiw anomaly, other, purely 
noncommutative, anomalies exist. 
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